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Abstract
In this paper we establish Hardy’s integral inequalities for commutators generating
Hardy operators with one sided dyadic CMO functions.
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1. Introduction
The Hardy operators are defined by
Hf (x)= 1
x
x∫
0
f (t) dt (x > 0),
and (dual form)
H ∗f (x)=
∞∫
x
f (t) dt (x > 0).
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Hardy [11] established the Hardy integral inequality
∞∫
0
(
Hf (x)
)p
dx  p′p
∞∫
0
(
f (x)
)p
dx, f (x) 0, p > 1,
and generalized this result himself [12]:
∞∫
0
(
H ∗f (x)
)p
dx  pp
∞∫
0
(
xf (x)
)p
dx, f (x) 0, p > 1,
where p′ = p/(p− 1).
The two inequalities above went by the name of Hardy’s integral inequality. In
view of the usefulness of these inequalities in analysis and their applications, they
have received considerable attention and a number of papers have appeared which
deal with its alternative proofs, various generalizations, and numerous variants
and applications. For the earlier development of this kind of inequality and many
important applications in analysis, see [13]. Among numerous papers dealing with
such inequalities, we choose to refer to the papers [1,2,4,7,8,11–14,16–25] and
some of the references cited therein.
In this paper, our main objective is establishing the Hardy’s integral inequality
for commutators generating Hardy operators and fractional order Hardy operators
with one sided dyadic CMO functions.
Let b(x) be a real measurable, locally integrable function, define the commu-
tators as follows:
Hbf (x)= 1
x
x∫
0
(
b(x)− b(t))f (t) dt (x > 0),
and
H ∗b f (x)=
∞∫
x
(
b(x)− b(t))f (t) dt (x > 0).
The space CMOp , 1  p <∞, of functions of finite central mean oscillation
was introduced by Chen and Lau [5], Garcia-Cuerva [9], Lakey [15], and Garcia-
Cuerva and Herrero [10]. CMOp spaces bears a simple relationship with BMO,
the space of functions of bounded mean oscillation: g ∈ BMO precisely when g
and all of its translates belong to CMOp uniformly a.e. Many precise analogies
exist between CMOp and BMO from the point of view of real Hardy spaces,
for example, CMO1 is the dual of the Beurling–Hardy spaces HA1, the duality is
then analogous to the H 1 ↔ BMO (see [5,9]), and CMOp is the dual of the Herz–
Hardy spaces HAp , 1  p <∞ (see [10]). Here we find the boundedness of the
commutator generating Hardy operators with one sided dyadic CMOp functions
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on Lp(R+) is just the same as that of the commutators generating the Calderon–
Zygmund operators with BMO functions on Lp(Rn).
Let 1 p <∞, we say b is a one sided dyadic CMOp function, if
sup
j∈Z
(
1
2j
2j∫
0
|b(t)− b(0,2j ]|p dt
)1/p
= ‖b‖CMOp+ <∞,
where
b(0,2j ] =
1
2j
2j∫
0
b(t) dt,
we then say that b ∈ CMOp+. Obviously, if 1  p < q < ∞, then CMOq+ ⊂
CMOp+, and ‖b‖CMOp+  ‖b‖CMOq+ , and the classical BMO space ⊂ CMO
p
+ for
all 1 p <∞. Simply by CMOp, denote CMOp+ below.
We obtain the following theorems:
Theorem 1. Let p > 1, b ∈ CMOmax(p,p′), then
∞∫
0
|Hbf (x)|p dx  C
(‖b‖CMOmax(p,p′))p
∞∫
0
|f (x)|p dx, (1)
where
C = 22p/p′+p
(
1+
∑
i−k0
(i − k)p′2(k−i)/2
)p/p′ ∑
i−k0
2(k−i)p/(2p′),
and
∞∫
0
|H ∗b f (x)|p dx  C
(‖b‖CMOmax(p,p′))p
∞∫
0
|xf (x)|p dx, (2)
where
C = 22p/p′+p
(
1+
∑
k−i0
(k − i)p′2−(k−i)p′/(2p)
)p/p′ ∑
k−i0
2−(k−i)/2.
Let 0 < α < 1, define the fractional order Hardy operator as follows:
Hαf (x)= 1
x1−α
x∫
0
f (t) dt (x > 0),
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and the commutator as follows:
Hαb f (x)=
1
x1−α
x∫
0
(
b(x)− b(t))f (t) dt (x > 0).
Theorem 2. Let 0 < α < 1, 1 < p0 < p < ∞, 1/p = 1/p0 − α, b ∈
CMOmax(p,p′0), then( ∞∫
0
|Hαb f (x)|p dx
)1/p
 C‖b‖
CMOmax(p,p
′
0)
( ∞∫
0
|f (x)|p0 dx
)1/p0
, (3)
where
C = 3× 22/p′+1
( ∑
i−k0
(i − k)p′2(k−i)p′/(2p′0)
)1/p′
×
( ∑
i−k0
2(k−i)p/(2p′0)
)1/p
,
and ( ∞∫
0
|H ∗b f (x)|p dx
)1/p
C‖b‖
CMOmax(p,p
′
0)
( ∞∫
0
|x1−αf (x)|p0 dx
)1/p0
, (4)
where
C = 3× 22/p′+1
( ∑
k−i0
(k − i)p′2−(k−i)p′/(2p)
)1/p′
×
( ∑
k−i0
2−(k−i)/2
)1/p
.
The commutators Tb generating Calderon–Zygmund operators T with BMO
function b have been studied by many authors, for example [3,6,26]; in [3,26],
authors have used the sharp function. In this paper, we consider the commutators
generating Hardy operators and fractional order Hardy operators with one sided
dyadic CMO functions, a straightforward proof is given that shows that, for Hardy
operators H , the commutators (Hb) theorem holds for more general functions b.
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2. Proofs of theorems
Firstly, let us prove two lemmas.
Lemma 1. Let l  0, s > 1, p  r > 1, then
(i)
∞∑
i=−∞
∣∣∣∣∣
i∑
k=−∞
(i − k)l2(k−i)/s
( 2k+1∫
2k
|f (t)|r dt
)1/r ∣∣∣∣∣
p

( ∑
i−k0
(i − k)lp′2(k−i)p′/(2s)
)p/p′
×
∑
i−k0
2(k−i)p/(2s)
( ∞∫
0
|f (t)|r dt
)p/r
and
(ii)
∞∑
i=−∞
∣∣∣∣∣
∞∑
k=i
(k − i)l2−(k−i)/s
( 2k+1∫
2k
|f (t)|r dt
)1/r ∣∣∣∣∣
p

( ∑
k−i0
(k− i)lp′2−(k−i)p′/(2s)
)p/p′
×
∑
k−i0
2−(k−i)p/(2s)
( ∞∫
0
|f (t)|r dt
)p/r
.
Proof. (i) We have
∞∑
i=−∞
∣∣∣∣∣
i∑
k=−∞
(i − k)l2(k−i)/s
( 2k+1∫
2k
|f (t)|r dt
)1/r ∣∣∣∣∣
p

∞∑
i=−∞
(
i∑
k=−∞
2(k−i)p/(2s)
( 2k+1∫
2k
|f (t)|r dt
)p/r)
×
(
i∑
k=−∞
(i − k)lp′2(k−i)p′/(2s)
)p/p′
(by Hölder’s inequality)
=
( ∑
i−k0
(i − k)lp′2(k−i)p′/(2s)
)p/p′
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×
∞∑
k=−∞
∑
i−k0
2(k−i)p/(2s)
( 2k+1∫
2k
|f (t)|r dt
)p/r
=
( ∑
i−k0
(i − k)lp′2(k−i)p′/(2s)
)p/p′
×
∑
i−k0
2(k−i)p/(2s)
∞∑
k=−∞
( 2k+1∫
2k
|f (t)|r dt
)p/r

( ∑
i−k0
(i − k)lp′2(k−i)p′/(2s)
)p/p′
×
∑
i−k0
2(k−i)p/(2s)
( ∞∫
0
|f (t)|r dt
)p/r
(since p  r).
(ii) We have
∞∑
i=−∞
∣∣∣∣∣
∞∑
k=i
(k − i)l2−(k−i)/s
( 2k+1∫
2k
|f (t)|r dt
)1/r ∣∣∣∣∣
p

∞∑
i=−∞
( ∞∑
k=i
2−(k−i)p/(2s)
( 2k+1∫
2k
|f (t)|r dt
)p/r)
×
( ∞∑
k=i
(k − i)lp′2−(k−i)p′/(2s)
)p/p′
(by Hölder’s inequality)
=
( ∑
k−i0
(k − i)lp′2−(k−i)p′/(2s)
)p/p′
×
∞∑
k=−∞
∑
k−i0
2−(k−i)p/(2s)
( 2k+1∫
2k
|f (t)|r dt
)p/r
=
( ∑
k−i0
(k − i)lp′2−(k−i)p′/(2s)
)p/p′ ∑
k−i0
2−(k−i)p/(2s)
×
∞∑
k=−∞
( 2k+1∫
2k
|f (t)|r dt
)p/r
632 L. Shunchao, W. Jian / J. Math. Anal. Appl. 274 (2002) 626–644

( ∑
k−i0
(k − i)lp′2−(k−i)p′/(2s)
)p/p′ ∑
k−i0
2−(k−i)p/(2s)
×
( ∞∫
0
|f (t)|r dt
)p/r
(since p  r). ✷
Lemma 2.
|b(t)− b(0,2i+1]| |b(t)− b(0,2k+1]| + 2|i − k|‖b‖CMO1 .
Proof. Since
|b(0,2j ] − b(0,2j+1]|
1
2j
2j∫
0
|b(t)− b(0,2j+1]|dt
 2× 1
2j+1
2j+1∫
0
|b(t)− b(0,2j+1]|dt
 2‖b‖CMO1,
if k < i, then
|b(t)− b(0,2i+1]| |b(t)− b(0,2k+1]| +
i∑
j=k+1
|b(0,2j ] − b(0,2j+1]|
 |b(t)− b(0,2k+1]| + 2(i − k)‖b‖CMO1 ,
if k > i , then
|b(t)− b(0,2i+1]| |b(t)− b(0,2k+1]| +
k∑
j=i+1
|b(0,2j ] − b(0,2j+1]|
 |b(t)− b(0,2k+1]| + 2(k− i)‖b‖CMO1 . ✷
Proof of (1). We have
∞∫
0
|Hbf (x)|p dx
=
∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣ 1x
x∫
0
(
b(x)− b(t))f (t) dt
∣∣∣∣∣
p
dx
L. Shunchao, W. Jian / J. Math. Anal. Appl. 274 (2002) 626–644 633

∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣ 12i
i∑
k=−∞
2k+1∫
2k
∣∣(b(x)− b(t))f (t)∣∣dt
∣∣∣∣∣
p
dx
 2p/p′
∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣ 12i
i∑
k=−∞
2k+1∫
2k
∣∣(b(x)− b(0,2i+1])f (t)∣∣dt
∣∣∣∣∣
p
dx
+ 2p/p′
∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣ 12i
i∑
k=−∞
2k+1∫
2k
∣∣(b(t)− b(0,2i+1])f (t)∣∣dt
∣∣∣∣∣
p
dx
= I + II.
For I , we have
I = 2p/p′
∞∑
i=−∞
1
2ip
2i+1∫
2i
∣∣b(x)− b(0,2i+1]∣∣p dx
(
i∑
k=−∞
2k+1∫
2k
|f (t)|dt
)p
 2p/p′
∞∑
i=−∞
2i+1
2ip
(
1
2i+1
2i+1∫
0
∣∣b(x)− b(0,2i+1]∣∣p dx
)(1/p)p
×
(
i∑
k=−∞
( 2k+1∫
2k
|f (t)|p dt
)1/p( 2k+1∫
2k
dt
)1/p′)p
(by Hölder’s inequality)
 2p/p′+1(‖b‖CMOp )p
∞∑
i=−∞
2i(1−p)
(
i∑
k=−∞
2k/p
′
( 2k+1∫
2k
|f (t)|p dt
)1/p)p
 2p/p′+1(‖b‖CMOp )p
∞∑
i=−∞
(
i∑
k=−∞
2(k−i)/p′
( 2k+1∫
2k
|f (t)|p dt
)1/p)p
 2p/p′+1
( ∑
i−k0
2(k−i)/2
)p/p′ ∑
i−k0
2(k−i)(p−1)/2(‖b‖CMOp )p
×
∞∫
0
|f (t)|p dt (by Lemma 1(i): l = 0, s = p′, r = p).
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For II, by Lemma 2, we have
II  22p/p′
∞∑
i=−∞
1
2ip
2i+1∫
2i
∣∣∣∣∣
i∑
k=−∞
2k+1∫
2k
∣∣(b(t)− b(0,2k+1])f (t)∣∣dt
∣∣∣∣∣
p
dx
+ 22p/p′
∞∑
i=−∞
1
2ip
2i+1∫
2i
∣∣∣∣∣
i∑
k=−∞
2(i − k)‖b‖CMO1
2k+1∫
2k
|f (t)|dt
∣∣∣∣∣
p
dx
= II1 + II2.
For II1, by Hölder’s inequality, we have
II1  22p/p
′
∞∑
i=−∞
1
2ip
2i+1∫
2i
∣∣∣∣∣
i∑
k=−∞
( 2k+1∫
2k
∣∣b(t)− b(0,2k+1]∣∣p′ dt
)1/p′
×
( 2k+1∫
2k
|f (t)|p dt
)1/p∣∣∣∣∣
p
dx
 22p/p′(‖b‖CMOp′ )p
∞∑
i=−∞
2i
2ip
∣∣∣∣∣
i∑
k=−∞
2(k+1)/p′
( 2k+1∫
2k
|f (t)|p dt
)1/p∣∣∣∣∣
p
 23p/p′(‖b‖CMOp′ )p
∞∑
i=−∞
∣∣∣∣∣
i∑
k=−∞
2(k−i)/p′
( 2k+1∫
2k
|f (t)|p dt
)1/p∣∣∣∣∣
p
 23p/p′
( ∑
i−k0
2(k−i)/2
)p/p′ ∑
i−k0
2(k−i)(p−1)/2(‖b‖CMOp′ )p
×
∞∫
0
|f (t)|p dt (by Lemma 1(i): l = 0, s = p′, r = p).
For II2, by Hölder’s inequality, as II1, we have
II2  22p/p
′+p(‖b‖CMO1)p
×
∞∑
i=−∞
∣∣∣∣∣
i∑
k=−∞
(i − k)2(k−i)/p′
( 2k+1∫
2k
|f (t)|p dt
)1/p∣∣∣∣∣
p
(using Hölder’s inequality)
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 22p/p′+p
( ∑
i−k0
(i − k)p′2(k−i)/2
)p/p′
×
∑
i−k0
2(k−i)p/(2p′)(‖b‖CMO1)p
∞∫
0
|f (t)|p dt
(by Lemma 1(i): l = 1, s = p′, r = p).
Combining the estimate above, we obtain (1). ✷
Proof of (2). We have
∞∫
0
∣∣H ∗b f (x)∣∣p dx
=
∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣
∞∫
x
(
b(x)− b(t))f (t) dt
∣∣∣∣∣
p
dx

∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣
∞∑
k=i
2k+1∫
2k
∣∣(b(x)− b(t))f (t)∣∣dt
∣∣∣∣∣
p
dx
 2p/p′
∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣
∞∑
k=i
2k+1∫
2k
∣∣(b(x)− b(0,2i+1])f (t)∣∣dt
∣∣∣∣∣
p
dx
+ 2p/p′
∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣
∞∑
k=i
2k+1∫
2k
∣∣(b(t)− b(0,2i+1])f (t)∣∣dt
∣∣∣∣∣
p
dx
= J + JJ.
For J , we have
J = 2p/p′
∞∑
i=−∞
2i+1∫
2i
∣∣b(x)− b(0,2i+1]∣∣p dx
( ∞∑
k=i
2k+1∫
2k
|f (t)|dt
)p
 2p/p′
∞∑
i=−∞
2i+1
(
1
2i+1
2i+1∫
0
∣∣b(x)− b(0,2i+1]∣∣p dx
)(1/p)p
×
( ∞∑
k=i
( 2k+1∫
2k
|f (t)|p dt
)1/p( 2k+1∫
2k
dt
)1/p′)p
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(by Hölder’s inequality)
 2p/p′+1(‖b‖CMOp )p
∞∑
i=−∞
2i
( ∞∑
k=i
2k/p
′
( 2k+1∫
2k
2−kp|tf (t)|p dt
)1/p)p
= 2p/p′+1(‖b‖CMOp )p
∞∑
i=−∞
( ∞∑
k=i
2−(k−i)/p
( 2k+1∫
2k
|tf (t)|p dt
)1/p)p
 2p/p′+1
( ∑
k−i0
2−(k−i)p′/(2p)
)p/p′ ∑
k−i0
2−(k−i)/2(‖b‖CMOp )p
×
∞∫
0
|tf (t)|p dt (by Lemma 1(ii): l = 0, s = p, r = p).
For JJ, by Lemma 2, we have
JJ  22p/p′
∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣
∞∑
k=i
2k+1∫
2k
∣∣(b(t)− b(0,2k+1])f (t)∣∣dt
∣∣∣∣∣
p
dx
+ 22p/p′
∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣
∞∑
k=i
2(k − i)‖b‖CMO1
2k+1∫
2k
|f (t)|dt
∣∣∣∣∣
p
dx
= JJ1 + JJ2.
For JJ1, by Hölder’s inequality, we have
JJ1  22p/p
′
∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣
∞∑
k=i
( 2k+1∫
2k
∣∣b(t)− b(0,2k+1]∣∣p′ dt
)1/p′
×
( 2k+1∫
2k
|f (t)|p dt
)1/p∣∣∣∣∣
p
dx
 22p/p′(‖b‖CMOp′ )p
×
∞∑
i=−∞
2i
∣∣∣∣∣
∞∑
k=i
2(k+1)/p′
( 2k+1∫
2k
2−kp|tf (t)|p dt
)1/p∣∣∣∣∣
p
= 23p/p′(‖b‖CMOp′ )p
∞∑
i=−∞
∣∣∣∣∣
∞∑
k=i
2−(k−i)/p
( 2k+1∫
2k
|tf (t)|p dt
)1/p∣∣∣∣∣
p
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 23p/p′
( ∑
k−i0
2−(k−i)p′/(2p)
)p/p′ ∑
k−i0
2−(k−i)/2(‖b‖CMOp′ )p
×
∞∫
0
|tf (t)|p dt (by Lemma 1(ii): l = 0, s = p, r = p).
For JJ2, by Hölder’s inequality, we have
JJ2  22p/p
′+p(‖b‖CMO1)p
×
∞∑
i=−∞
2i
∣∣∣∣∣
∞∑
k=i
(k − i)
( 2k+1∫
2k
|f (t)|p dt
)1/p( 2k+1∫
2k
dt
)1/p′∣∣∣∣∣
p
(by Hölder’s inequality)
 22p/p′+p(‖b‖CMO1)p
×
∞∑
i=−∞
∣∣∣∣∣
∞∑
k=i
(k − i)2−(k−i)/p
( 2k+1∫
2k
|tf (t)|p dt
)1/p∣∣∣∣∣
p
 22p/p′+p
( ∑
k−i0
(k − i)p′2−(k−i)p′/(2p)
)p/p′
×
∑
k−i0
2−(k−i)/2(‖b‖CMO1)p
∞∫
0
|tf (t)|p dt
(by Lemma 1(ii): l = 1, s = p, r = p).
Combining the estimate above, we obtain (2). ✷
Proof of (3). We have
∞∫
0
∣∣Hαb f (x)∣∣p dx
=
∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣ 1x1−α
x∫
0
(
b(x)− b(t))f (t) dt
∣∣∣∣∣
p
dx

∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣ 12i(1−α)
i∑
k=−∞
2k+1∫
2k
∣∣(b(x)− b(t))f (t)∣∣dt
∣∣∣∣∣
p
dx
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 2p/p′
∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣ 12i(1−α)
i∑
k=−∞
2k+1∫
2k
∣∣(b(x)− b(0,2i+1])f (t)∣∣dt
∣∣∣∣∣
p
dx
+ 2p/p′
∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣ 12i(1−α)
i∑
k=−∞
2k+1∫
2k
∣∣(b(t)− b(0,2i+1])f (t)∣∣dt
∣∣∣∣∣
p
dx
=K +KK.
For K , we have
K = 2p/p′
∞∑
i=−∞
1
2ip(1−α)
2i+1∫
2i
|b(x)− b(0,2i+1]|p dx
(
i∑
k=−∞
2k+1∫
2k
|f (t)|dt
)p
 2p/p′
∞∑
i=−∞
2i+1
2ip(1−α)
(
1
2i+1
2i+1∫
0
∣∣b(x)− b(0,2i+1]∣∣p dx
)(1/p)p
×
(
i∑
k=−∞
( 2k+1∫
2k
|f (t)|p0 dt
)1/p0( 2k+1∫
2k
dt
)1/p′0)p
(by Hölder’s inequality)
 2p/p′+1(‖b‖CMOp )p
×
∞∑
i=−∞
2i(1−p(1−α))
(
i∑
k=−∞
2k/p
′
0
( 2k+1∫
2k
|f (t)|p0 dt
)1/p0)p
 2p/p′+1(‖b‖CMOp )p
∞∑
i=−∞
(
i∑
k=−∞
2(k−i)/p′0
( 2k+1∫
2k
|f (t)|p0 dt
)1/p0)p
(notice that 1/p = 1/p0 − α)
 2p/p′+1
( ∑
i−k0
2(k−i)p′/(2p′0)
)p/p′ ∑
i−k0
2(k−i)p/(2p′0)(‖b‖CMOp )p
×
( ∞∫
0
|f (t)|p0 dt
)p/p0
(by Lemma 1(i): l = 0, s = p′0, r = p0).
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For KK, by Lemma 2, we have
KK  22p/p′
∞∑
i=−∞
1
2ip(1−α)
2i+1∫
2i
∣∣∣∣∣
i∑
k=−∞
2k+1∫
2k
∣∣(b(t)− b(0,2k+1])f (t)∣∣dt
∣∣∣∣∣
p
dx
+ 22p/p′
∞∑
i=−∞
1
2ip(1−α)
×
2i+1∫
2i
∣∣∣∣∣
i∑
k=−∞
2(i − k)‖b‖CMO1
2k+1∫
2k
|f (t)|dt
∣∣∣∣∣
p
dx
= KK1 +KK2.
For KK1, we have
KK1  22p/p
′
∞∑
i=−∞
1
2ip(1−α)
2i+1∫
2i
∣∣∣∣∣
i∑
k=−∞
( 2k+1∫
2k
∣∣b(t)− b(0,2k+1]∣∣p′0 dt
)1/p′0
×
( 2k+1∫
2k
|f (t)|p0 dt
)1/p0∣∣∣∣∣
p
dx
(by Hölder’s inequality)
 22p/p′(‖b‖
CMOp
′
0
)p
∞∑
i=−∞
2i
2ip(1−α)
×
∣∣∣∣∣
i∑
k=−∞
2(k+1)/p′0
( 2k+1∫
2k
|f (t)|p0 dt
)1/p0∣∣∣∣∣
p
 22p/p′+p/p′0(‖b‖
CMOp
′
0
)p
×
∞∑
i=−∞
∣∣∣∣∣
i∑
k=−∞
2(k−i)/p′0
( 2k+1∫
2k
|f (t)|p0 dt
)1/p0∣∣∣∣∣
p
(notice that 1/p= 1/p0 − α)
 22p/p′+p/p′0
( ∑
i−k0
2(k−i)p′/(2p′0)
)p/p′
×
∑
i−k0
2(k−i)p/(2p′0)(‖b‖
CMOp
′
0
)p
( ∞∫
0
|f (t)|p0 dt
)p/p0
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(by Lemma 1(i): l = 0, s = p′0, r = p0).
For KK2, by Hölder’s inequality, we have
KK2  22p/p
′+p(‖b‖CMO1)p
∞∑
i=−∞
1
2ip(1−α)
2i
×
∣∣∣∣∣
i∑
k=−∞
(i − k)
( 2k+1∫
2k
|f (t)|p0 dt
)1/p0( 2k+1∫
2k
dt
)1/p′0 ∣∣∣∣∣
p
(by Hölder’s inequality)
 22p/p′+p(‖b‖CMO1)p
×
∞∑
i=−∞
∣∣∣∣∣
i∑
k=−∞
(i − k)2(k−i)/p′0
( 2k+1∫
2k
|f (t)|p0 dt
)1/p0∣∣∣∣∣
p
(notice that 1/p = 1/p0 − α)
 22p/p′+p
( ∑
i−k0
(i − k)p′2(k−i)p′/(2p′0)
)p/p′
×
∑
i−k0
2(k−i)p/(2p′0)(‖b‖CMO1)p
( ∞∫
0
|f (t)|p0 dt
)p/p0
(by Lemma 1(i): l = 1, s = p′0, r = p0).
Combining the estimate above, we obtain (3). ✷
Proof of (4). By the proof of (2), we have
∞∫
0
∣∣H ∗b f (x)∣∣p dx
 2p/p′
∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣
∞∑
k=i
2k+1∫
2k
∣∣(b(x)− b(0,2i+1])f (t)∣∣dt
∣∣∣∣∣
p
dx
+ 2p/p′
∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣
∞∑
k=i
2k+1∫
2k
∣∣(b(t)− b(0,2i+1])f (t)∣∣dt
∣∣∣∣∣
p
dx
= L+ LL.
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For L, we have
L= 2p/p′
∞∑
i=−∞
2i+1∫
2i
|b(x)− b(0,2i+1]|p dx
( ∞∑
k=i
2k+1∫
2k
|f (t)|dt
)p
 2p/p′
∞∑
i=−∞
2i+1
(
1
2i+1
2i+1∫
0
|b(x)− b(0,2i+1]|p dx
)(1/p)p
×
( ∞∑
k=i
( 2k+1∫
2k
|f (t)|p0 dt
)1/p0( 2k+1∫
2k
dt
)1/p′0)p
(by Hölder’s inequality)
 2p/p′+1(‖b‖CMOp )p
×
∞∑
i=−∞
2i
( ∞∑
k=i
2k/p
′
0
( 2k+1∫
2k
2−kp0(1−α)|t1−αf (t)|p0 dt
)1/p0)p
 2p/p′+1(‖b‖CMOp )p
×
∞∑
i=−∞
( ∞∑
k=i
2−(k−i)/p
( 2k+1∫
2k
|t1−αf (t)|p0 dt
)1/p0)p
(notice that 1/p = 1/p0 − α)
 2p/p′+1
( ∑
k−i0
2−(k−i)p′/(2p)
)p/p′ ∑
k−i0
2−(k−i)/2(‖b‖CMOp )p
×
( ∞∫
0
|t1−αf (t)|p0 dt
)p/p0
(by Lemma 1(ii): l = 0, s = p, r = p0).
For LL, by Lemma 2, we have
LL 22p/p′
∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣
∞∑
k=i
2k+1∫
2k
∣∣(b(t)− b(0,2k+1])f (t)∣∣dt
∣∣∣∣∣
p
dx
+ 22p/p′
∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣
∞∑
k=i
2(k− i)‖b‖CMO1
2k+1∫
2k
|f (t)|dt
∣∣∣∣∣
p
dx
= LL1 + LL2.
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For LL1, by Hölder’s inequality, we have
LL1  22p/p
′
∞∑
i=−∞
2i+1∫
2i
∣∣∣∣∣
∞∑
k=i
( 2k+1∫
2k
|b(t)− b(0,2k+1]|p
′
0 dt
)1/p′0
×
( 2k+1∫
2k
|f (t)|p0 dt
)1/p0∣∣∣∣∣
p
dx
(by Hölder’s inequality)
 22p/p′(‖b‖
CMOp
′
0
)p
×
∞∑
i=−∞
2i
∣∣∣∣∣
∞∑
k=i
2(k+1)/p′0
( 2k+1∫
2k
2−kp0(1−α)|t1−αf (t)|p0 dt
)1/p0∣∣∣∣∣
p
 22p/p′+p/p′0(‖b‖
CMOp
′
0
)p
×
∞∑
i=−∞
∣∣∣∣∣
∞∑
k=i
2−(k−i)/p
( 2k+1∫
2k
|t1−αf (t)|p0 dt
)1/p0∣∣∣∣∣
p
(notice that 1/p= 1/p0 − α)
 22p/p′+p/p′0
( ∑
k−i0
2−(k−i)p′/(2p)
)p/p′
×
∑
k−i0
2−(k−i)/2(‖b‖
CMOp
′
0
)p
( ∞∫
0
|t1−αf (t)|p0 dt
)p/p0
(by Lemma 1(ii): l = 0, s = p, r = p0).
For LL2, by Hölder’s inequality, as LL1, we have
LL2  22p/p
′+p(‖b‖CMO1)p
×
∞∑
i=−∞
2i
∣∣∣∣∣
∞∑
k=i
(k − i)
( 2k+1∫
2k
|f (t)|p0 dt
)1/p0( 2k+1∫
2k
dt
)1/p′0∣∣∣∣∣
p
(by Hölder’s inequality)
 22p/p′+p(‖b‖CMO1)p
×
∞∑
i=−∞
∣∣∣∣∣
∞∑
k=i
(k − i)2−(k−i)/p
( 2k+1∫
2k
|t1−αf (t)|p0 dt
)1/p0∣∣∣∣∣
p
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(notice that 1/p= 1/p0 − α)
 22p/p′+p
( ∑
k−i0
(k − i)p′2−(k−i)p′/(2p)
)p/p′
×
∑
k−i0
2−(k−i)/2(‖b‖CMO1)p
( ∞∫
0
|t1−αf (t)|p0 dt
)p/p0
(by Lemma 1(ii): l = 1, s = p, r = p0).
Combining the estimate above, we obtain (4). ✷
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